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Muon anomalous magnetic moment (g-2) 
sensitive to quantum-mechanical effects of 
new heavy or weakly-coupled particles (e.g 
SUSY, extra dimensions, dark photons, …) 
 
 
 
 
 
 
 
 
  

Measured to very high precision (0.54 ppm!) 
➜ provides some of strongest constraints 
on extensions of Standard Model 

BNL measurement disagrees with Standard-
Model theory expectations by >3σ

[Blum et al.,arXiv:1311.2198 ]

Expt.SM 

≳3σ
µ-µ-

γ, A′, νKK

Where is the new physics?
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Fermilab Muon g-2 Experiment aims to 
reduce BNL measurement error by four


Started running in June, and expects 
first BNL-level results in 2018! 

➡Must reduce theory error to 
commensurate level to identify definitively 
whether any deviation observed is due to 
new physics

Motivation: the Muon g-2 Experiment
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[Blum et al.,arXiv:1311.2198 ]

Expt.SM 

≳3σ

7σ?
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Muon g-2 in the Standard Model

R. Van de Water Lattice QCD for precision particle physics

Muon g-2 in the Standard Model

36

+

QED (5 loops!) & EW (2 loops)

µ
µ µ

+ +

Hadronic vacuum
polarization (HVP)

µ µ
+ ...

Hadronic “light-
by-light” (HLbL)

µ µ

O(α5
EM) O(αEMGF)

Contribution Result (�1011) Error
QED (leptons) 116 584 718 ± 0.14 ± 0.04� 0.00 ppm
HVP(lo) [1] 6 923 ± 42 0.36 ppm
HVP(ho) -98 ± 0.9exp ± 0.3rad 0.01 ppm
HLbL [2] 105 ± 26 0.22 ppm
EW 154 ± 2 ± 1 0.02 ppm
Total SM 116 591 802 ± 49 0.42 ppm

Contribution Result (⇥1011) Error
QED (leptons) 116 584 719 ± 0.02 ± 0.08↵ 0.00 ppm
HVP(lo) [1] 6 923 ± 42 0.36 ppm
HVP(ho) -98 ± 0.6

exp

± 0.4
rad

0.01 ppm
HLbL [2] 105 ± 26 0.22 ppm
EW 154 ± 1 0.01 ppm
Total SM 116 591 803 ± 49 0.42 ppm

[Blum et al., arXiv:1311.2198]
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QCD
QCD

HLbL  
        δ(aμHLbL)=25%

HVP 
δ(aμHVP)=0.6%

QED
+EW

Dominant uncertainty from 
nonperturbative 
hadronic contributions

Error budget



R. Van de Water Muon g-2 from lattice QCD

Hadronic contributions to muon g-2

5

Obtained from experimental 
measurements for e+e-→hadrons plus 
dispersion relations 

Challenging�analysis�combining�more�
than�20�exclusive�channels�with�several�
final-state�hadrons�[Davier et al., 
Keshavarzi et al., Jegerlehner]

Estimated from QCD models such as 
large Nc, chiral perturbation theory, 
vector meson dominance, … 

Subjective and not systematically 
improvable [Glasgow consensus, 
Prades, de Rafael, Vainshtein, 
0901.0306]

Hadronic Light-by-Light (HLbL)

µ µ

γ

QCD

QCD

µγ

Hadronic Vacuum 
Polarization (HVP) 

µ

https://arxiv.org/abs/1706.09436
https://indico.fnal.gov/getFile.py/access?contribId=1&sessionId=7&resId=0&materialId=slides&confId=13795
https://arxiv.org/abs/1705.00263
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To match anticipated experimental precision, must reduce 
HVP uncertainty to below ~0.2% and HLbL uncertainty to below ~10% 

Both�contributions�are�calculable�(in�principle)�from�ab-initio�
Quantum�Chromodynamics�with�numerical�lattice�QCD!

https://arxiv.org/abs/1706.09436
https://indico.fnal.gov/getFile.py/access?contribId=1&sessionId=7&resId=0&materialId=slides&confId=13795
https://arxiv.org/abs/1705.00263
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Fermilab lqcd clustersl 
∼475 TFlops peakl

Systematic method for calculating 
hadronic parameters from QCD first 
principles  

Define QCD on (Euclidean) spacetime 
lattice and solve path integral 
numerically 

Recover QCD when lattice spacing 
a→0 and box size L→∞

a

L = N
S
a

L
4
 =

 N
4
a T = NT a

L 
= 

N
S 

a

Simulate using Monte-Carlo methods and 
importance sampling 

Sample from all possible field 
configurations using a distribution given 
by exp(-SQCD) 

Run codes upon supercomputers and 
dedicated clusters

Numerical lattice Quantum ChromoDynamics
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Modern lattice-QCD methods + latest 
generations of tera/petascale 
supercomputers have enabled 
calculations of many simple quantities 
with controlled uncertainties and 
complete error budgets 

Standard simulations include dynamical 
u, d, & s quarks in the vacuum  

Typically�isospin�symmetric�(mu=md)�

Many now include dynamical charm 

Control systematic errors using QCD 
gauge-field ensembles with different 
parameters (quark masses, lattice 
spacings, spatial volumes, …) 

State-of-the-art calculations employ 
pions with physical mass ~135 MeV!

21st-century lattice QCD

7

u

u
d
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Hadron spectrum from lattice QCD
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© 2012−2014 Andreas Kronfeld/Fermi Natl Accelerator Lab.

B mesons offset by −4000 MeV
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Lattice-QCD predictions 
of Bc mass, D(s) decay 
constants, & D→Klν form 
factor appeared before 
measurements with 
comparable precision 

Independent lattice-QCD 
calculations using 
different actions & 
methods provide 
confirmation for matrix 
elements inaccessible by 
experiment  

Demonstrate that 
calculations are reliable 
with controlled errors!

Lattice-QCD results agree with experimental measurements for wide variety of hadron 
properties including light- and heavy-hadron spectrum & proton-neutron mass difference

Lattice-QCD	validation

[plot by Kronfeld; 
update of 1203.1204]



Results and progress on hadronic 
vacuum polarization from 

Fermilab Lattice, HPQCD, & MILC Collaborations
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We are using ab-initio lattice-QCD to target the hadronic vacuum-polarization 
contribution, which is the largest source of theory error
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Lowest-order hadronic-vacuum polarization contribution obtained from 1-loop QED 
integral: 
 
 
 
 
 
 
 

Kinematic function f(Q2) accounts for interaction between muon and external photon 

Vacuum polarization function Π(Q2) captures nonperturbative QCD effects 
Π(Q2) related to inclusive e+e-→hadrons cross section via dispersion relation 

Can also compute Euclidean space Π(Q2) directly in lattice QCD from simple two-
point correlation function of electromagnetic quark current 

In�principle�can�yield�more�precise�Π(Q2)�unlimited�by�experimental�uncertainties

aHVP(LO)
µ =

⇣↵

⇡

⌘2
Z 1

0
dQ2f(Q2)

⇥
⇧(Q2)�⇧(0)

⇤

qµ q⌫

i⇧µ⌫(q2) = QCD

HVP contribution from lattice QCD  
[Blum, PRL91 (2003) 052001]
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❖ New method introduced by HPQCD enables precise determination of vacuum polarization 
function Π(Q2) from zero-momentum vector-current correlation functions:  

(1)Calculate derivatives of vacuum 
polarization function Π(Q2) at Q2=0 
from time moments of vector-current 
correlators 
 
 
 
 
 
 

(2)Use Taylor coefficients to construct 
[n,n] and [n,n-1] Padé approximants 
for Π(Q2) 
Demonstrate method with s-,c-, and b-quark connected contributions [PRD 89, no. 11, 
114501 (2014); PRD 91, no. 7, 074514 (2015)]

12
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[n, n]

Π(Q2) from moments + Padé approximants  
[HPQCD, PRD89, no. 11, 114501 (2014)]

[2, 2] approximant sufficient to 
obtain ~0.5% precision

⇧̂(Q2) =
1X

j=1

Q2j⇧j

⇧j =
(�1)j+1

(2j + 2)!

X

t

t2j+2hjµEM(t)jµEM(0)i
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2016	result for u/d-connected contribution

13

Employ large set of four-flavor 
QCD gauge-field ensembles with 
dynamical u,d,s, & c quarks 
[MILC Collaboration, PRD82 
(2010) 074501]  

Three lattice spacings, multiple 
spatial volumes, physical 
light-quark masses to control 
systematic uncertainties 

Largest errors from omission of 
isospin breaking and 
electromagnetism

Errors from the nonzero lattice 
spacing and finite spatial 
volume are next

aHVP,LO
µ (u/d)

QED corrections: 1.0%
Isospin breaking corrections: 1.0%
Staggered pions, finite volume: 0.7%

Valence m` extrapolation: 0.4%
Monte Carlo statistics: 0.4%
Padé approximants: 0.4%
a2 ! 0 extrapolation: 0.3%

ZV uncertainty: 0.4%
Correlator fits: 0.2%

Tuning sea-quark masses: 0.2%
Lattice spacing uncertainty: < 0.05%

Total: 1.8%

[HPQCD + RV, 1601.03071; 
to be published in PRD]
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First complete lattice-QCD calculation 
of leading-order aµHVP to reach 
precision needed to observe 

significant deviation from experiment

610 630 650 670 690 710 730

aHVP,LO
µ ⇥ 1010

no new physics

Jegerlehner
1705.00263e+e� + ⌧
Davier
1612.02743e+e�

Benayoun et al.
1507.02943e+e� + ⌧
Hagiwara et al.
1105.3149e+e�

ETMC
1308.4327

Mainz
1705.01775Nf = 2

BMW
2017 preliminary

HPQCD+RV
1601.03071

u, d sea

u, d, s, c sea

sum rules

14

[HPQCD + RV, 1601.03071; 
to be published in PRD]

aμs, conn.: 8%
aμc, conn.: 8%

aμb, conn.: 
0.04%

aμu+d, conn.: 90%

1010aHVP,LO
µ = 667(11)u,d(1)s,c,b(9)disc.

Total LO HVP contribution: 2016

Contributions by quark flavor
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Fermilab/HPQCD/MILC work	in	progress
Fermilab Lattice, HPQCD, & MILC 
Collaborations joined efforts for follow-
up calculation to reduce error and meet 
target experimental precision 
Addressing leading sources of error from: 

(1) Omission of quarks’ EM charges ➜ 
developing code to generate new 
ensemble with dynamical photons 

(2) u/d-quark mass difference ➜ 
generated new 1+1+1+1 ensemble 
(see next slide) 

(3) Quark-disconnected contributions ➜ 
implemented modern variance-
reduction algorithms in MILC code & 
testing parameters 

(4) Finite spatial volume & nonzero 
lattice spacing ➜ analyzing 
ensembles with finer lattice spacings

Aim to reach ~1% uncertainty 
before first result from Muon g-2 
Experiment next year

5× statisticsin progress
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New! Isospin-breaking correction

Fix average (mu+md)/2 = 
27.35(11) and ratio mu /md 

= 0.4582 to reproduce 
physical Mπ0 and 
electromagnetic splitting 
(Mπ+ - Mπ0) [MILC, 
PRD90 (2014) no.7, 
074509 ;1606.01228] 

First�lattice-QCD�
calculation�of�the�
strong-isospin-breaking�
contribution�to�aμHVP,LO�
at�the�physical�pion�
mass

First result from joint effort is direct calculation of mu≠md correction using new 
ensemble with non-degenerate up and down sea quarks 

Preli
minary

�aHVP,mu 6=md
µ = +0.8(0.5)%
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Other recent lattice-QCD 
g-2 highlights
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Progress on hadronic light-by-light
Most recent lattice calculations combine nonperturbative QCD gauge-field 
configurations with perturbative QED for the photons to directly obtain desired 
O(αEM3) contribution 

New method from RBC Collaboration employs stochastically-generated photon 
propagators to control statistical noise [Blum et al., PRD93, 014503 (2016); PRL118 
(2017) no.2, 022005] 

Obtain ≲10% statistical errors at 
the physical pion mass in ballpark 
of Glasgow consensus value 
aμHLbL,GC × 1010 = 10.5(2.6) 

Full study of systematic errors (especially finite-volume effects) needed, but initial 
results encouraging! 

Other complementary approaches being studied by Mainz group: 

Combination of lattice QCD for nonperturbative 4-point function + continuum, infinite-
volume perturbation theory for QED kernel [Asmussen et al., 1609.08454] 

Calculation of dominant pion-pole contribution using lattice QCD for π0→𝛄*𝛄* form 
factor + dispersion relation [Géradin et al., PRD94 (2016) no.7, 074507]

aHLbL
µ ⇥ 10

10
=

(
11.60(0.96)stat. connected

�6.25(0.80)stat. disconnected
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Contributions in which valence quarks are 
connected by a pair of gluons only few 
percent of total HVP contribution due to 
SU(3)flavor and Zweig suppression 

Computationally challenging due to large 
statistical noise, but now possible to obtain 
statistically-significant signal using modern 
variance-reduction strategies such as all-
mode averaging [Blum et al, PRD 88 
(2013) 094503] 

First calculation of quark-disconnected 
contribution with physical-mass pions last 
year by RBC/UKQCD [PRL116, 232002 
(2016)] 

Preliminary BMW Collaboration result with 
higher statistics has uncertainty δaμHVP,disc.~ 
1.5×1010 ➡ contributes only 0.2% to error 
on total aμHVP,LO

19

Quark-disconnected contributions to HVP

More detailed comparison

BMWc ’17 ud contribution is signficantly larger than other
Nf = 2 + 1 + 1 results
! difference w/ HPQCD ’14/Mainz ’17 is ⇠ 2.4/1.5�

BMWc ’17 c contribution is slightly smaller than other
Nf = 2 + 1 + 1 results

BMWc ’17 is only calculation performed directly at physical
quark masses w/ 6 a’s to fully control continuum
extrapolation

BMWc ’17 �aLO-HVP
µ, disc = 1.5 ⇥ 10�10

! contributes only 0.2% to error on aLO-HVP
µ

-12 -10 -8 -6 -4

BMWc 17 (prelim)

HPQCD 16

RBC/UKQCD 16

N
f =

 2
+

1
+

1
  
  
  
  
N

f =
 2

+
1

aµ,disc
LO-HVP

 . 10
10

Laurent Lellouch Fermilab, 3-6 June 2017[Lellouch for BMW, 1st workshop 
of Muon g-2 Theory Initiative]

µ µ

38 Flavor-Conserving Processes

complementary and can be used to check each other. The current best uncertainty comes from the first
method,

aµ(HVP) = (692.3 ± 4.2) ⇥ 10�10, (4.12)

or about 0.61% [54] when only e+e� data are used. If ⌧ data are included, aµ(HPV) = (701.5±4.7)⇥10�10,
or 0.67% (but see [58] for the analysis that brings the ⌧ into good agreement with e+e�). In the next
3-5 years the uncertainty on aµ(HVP) is expected to drop by roughly a factor of 2, relying on new results
from BABAR, Belle, BES, and VEPP2000. The lattice calculations presently have an uncertainty of about
5% [87, 88, 89, 90], which is expected to decrease to 1-2% in the next 3-5 years [91]. At the one-percent level
contributions from dynamical charm quarks and quark-disconnected diagrams (right panel, Fig. 4-1) enter.
Both are currently under investigation.

The HLBL scattering amplitude, shown in Fig. 4-2, is much more challenging. The contribution

aµ(HLBL) = (10.5 ± 2.6) ⇥ 10�10, (4.13)

is not well known. It is based on the size of various hadronic contributions estimated in several di↵erent
models [92]. Its uncertainty, though estimated to be less than that in a(HVP) by about 50%, is less reliable
and will be di�cult to reduce with current methods. Finding a new approach, such as lattice QCD, in
which uncertainties are systematically improvable, is crucial for making greatest use of the next round of
experiments. With this in mind, a workshop was recently convened at the Institute for Nuclear Theory [93].
Workshop participants discussed how models, lattice QCD, and data-driven methods could be exploited
to reduce the uncertainty on aµ(HLBL). The outcome of this workshop is that a SM calculation of the
HLBL contribution with a total uncertainty of around 10% may be possible on the time scale of the planned
experiment. A detailed discussion of the computation of aµ(HLBL) in lattice QCD is given in the USQCD
Collaboration white paper on g � 2 [91].

The currently most promising approach using lattice methods is to compute the entire amplitude on the
lattice, including the muon, in a combined QED+QCD gauge field [94, 95, 96]. The method has passed
several non-trivial tests. First, it has been successfully checked against perturbation theory in pure QED.
Large finite volume e↵ects (the photons are long range) appear manageable. Preliminary calculations in full
QED+QCD, at unphysical quark and muon mass and momentum transfer q2, show a statistically significant
result. The method requires a non-perturbative subtraction of leading order in ↵ contributions which has
been checked by varying the strength of the electric charge in the calculations and observing the expected
scaling, before and after the subtraction. Disconnected contributions like the one shown in the right panel
of Fig. 4-2 have not been included yet, but will be once the simpler first diagram (left panel, same figure) is
fully under control. Calculations on a larger volume with smaller masses are in progress.

In addition to these direct approaches, there is other ongoing work on lattice-QCD calculations that check or
supplement the model calculations. For example, it is well-known that the pion pole (namely, ��⇤ ! ⇡0 !

Figure 4-1. Hadronic vacuum polarization diagrams contributing to the SM muon anomaly. The
horizontal lines represent the muon. (Left panel) The blob formed by the quark-antiquark loop represents
all possible hadronic intermediate states. (Right panel) Disconnected quark line contribution. The quark
loops are connected by gluons.

Community Summer Study: Snowmass 2013

QCDQCD
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Hybrid lattice+experiment approach for HVP

No new physics
Jegerlehner 2017

KNT 2017
DHMZ 2016

Davier et al. 2012
Hagiwara et al. 2011

RBC/UKQCD 2017 (unpub)
BMW 2017 (unpub)

Mainz 2017
HPQCD 2016

ETMC 2013
RBC/UKQCD 2012

 580 600 620 640 660 680 700 720 740
aµ

HVP LO 1010

P
R
E
LI

M
IN

A
R
Y

29 / 30

[C. Lehner, Lattice 2017]

Lattice data agrees quite well with the R-ratio data
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Lattice data agrees quite well with the R-ratio data
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Lattice data agrees quite well with the R-ratio data
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                      lattice QCD

aμHVP 
integrand

low Q2high Q2

Spectral representation enables comparison of vacuum polarization function from 
lattice QCD with determination from experimental e+e-→hadrons (“R-ratio”) data 
[Bernecker & Meyer, EPJA47 (2011) 148 , arXiv:1107.4388] 

Most precise in complementary Q2 regions ➡ combination yields smaller error than 
lattice QCD or experiment alone 

May�provide�more�immediate�path�to�target�experimental�precision�until�first-
principles�lattice-QCD-calculations�reach�this�goal

https://arxiv.org/abs/1107.4388


“Progress in science is based on the interplay between theory and experiment, 
between having an idea about nature and testing that idea in the laboratory. Neither 

can move forward without the other.” — Snowmass 2013 Executive Summary

Conclusions
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Summary & outlook

22

Lattice-QCD community is working hard to compute hadronic contributions to muon 
g-2 to the precision needed by the Muon g-2 (and planned J-PARC) Experiment 

Methods in place for hadronic vacuum polarization contribution 

Several independent calculations ongoing using different approaches 

First results reported for previously omitted effects of isospin breaking & electromagnetism and 
contributions from quark-disconnected diagrams  
Improvements to most precise calculation by HPQCD+RV in progress by Fermilab, 
HPQCD, and MILC Collaborations 

Hope�to�reach�sub-per�cent�precision�from�lattice�QCD�in�1�or�2�years!�

Methods being developed and tested for hadronic light-by-light contribution 
Study of systematic errors in promising RBC-Collaboration approach in progress 

Still room for new theoretical developments to make substantial impact

Meeting experimental precision goals contingent on 
continued support for lattice-QCD hardware & software!
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Muon g-2 Theory Initiative
Goal: provide theoretical predictions 
for hadronic contributions to g-2 with 
reliable & precise uncertainties to 
maximize impact of Fermilab & J-PARC 
experiments 

Plan: organize series of workshops 
bringing together theorists from lattice 
& non-lattice communities to:  

Discuss, assess, & compare efforts 
and approaches 

Map out strategies for improving 
theoretical calculations 

Write reports summarizing status of 
relevant theoretical work 

Timeline: finalize first report in 
September 2018 before Muon g-2 
Experiment announces first BNL-level 
measurement

23

6/3/17, 10)17 AMFirst Workshop of the Muon g-2 Theory Initiative (03-June 6, 2017)

Page 1 of 2https://indico.fnal.gov/conferenceDisplay.py?confId=13795

Search

All sessions of the workshop will take place at the Q center in room DL 169. 

Q Center

1405 North Fifth Avenue 

St. Charles, IL 60174

Zoom Video Conferencing will be used for remote participation: 

Join from PC, Mac, Linux, iOS or Android: https://fnal.zoom.us/j/908108124

Or iPhone one-tap (US Toll):  +14086380968,908108124# or +16465588656,908108124#

Or Telephone:
    Dial: +1 408 638 0968 (US Toll) or +1 646 558 8656 (US Toll)
    Meeting ID: 908 108 124
    International numbers available: https://fnal.zoom.us/zoomconference?
m=2gUTrb8bLIy1NevdHPjmFEGM_QvcVUy3

In the coming years, experiments at Fermilab and at J-PARC plan to reduce the uncertainties on 
the already very precisely measured anomalous magnetic moment of the muon by a factor of 
four. The goal is to resolve the current tantalizing tension between theory and experiment of 
three to four standard deviations.  On the theory side the hadronic corrections to the 
anomalous magnetic moment are the dominant sources of uncertainty. They must be 
determined with better precision in order to unambiguously discover whether or not new 
physics effects contribute to this quantity.

There are a number of complementary theoretical efforts underway to better understand and 
quantify the hadronic corrections, including dispersive methods, lattice QCD, effective field 
theories, and QCD models. We have formed a new theory initiative to facilitate interactions 
between the different groups through organizing a series of workshops. The goal of this first 
workshop is to bring together theorists from the different communities to discuss, assess, and 
compare the status of the various efforts, and to map out strategies for obtaining the best 
theoretical predictions for these hadronic corrections in advance of the experimental results.

All sessions in this workshop will be plenary, featuring a mix of talks and discussions.
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R. Van de Water Muon g-2 from lattice QCD

Standard-Model value for aµHVP obtained from experimental measurement of 
σtotal(e+e-→hadrons) via optical theorem: 
 
 
 

(Away from quark thresholds, 
use four-loop pQCD) 

Includes >20 multi-particle 
channels with up to six 
final-state hadrons 

Multi-hadron channels 
represent a small 
absolute contribution 
to aμHVP, but contribute 
a significant fraction of 
the total uncertainty

HVP from e+e-→hadrons
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[Jegerlehner and Nyffeler, Phys.Rept. 477 (2009) 1-110]



R. Van de Water Muon g-2 from lattice QCD

HLbL from QCD models
Hadronic light-by-light contribution cannot be expressed in terms of experimental 
quantities and must be obtained from theory 
[cf. Jegerlehner and Nyffeler, Phys.Rept. 477 (2009) 1-110 and Refs. therein] 

All recent calculations compatible with constraints from large-Nc and chiral limits 

All normalize dominant π0-exchange contribution to measured π0→γγ decay 
width 

Differ for form factor shape due to different QCD-model assumptions such as vector-
meson dominance, chiral perturbation theory, and the large Nc limit
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Neutral Meson 
Exchange⇡0, ⌘, ⌘0, . . .

µµ

Charged Meson 
Loops

µµ

⇡±, K±, . . .



R. Van de Water Muon g-2 from lattice QCD

Quoted error on for aμHLbL from Prades, de Rafael, Vainshtein, 0901.0306 based range on 
model estimates 

π0-exchange contribution estimated to be ~10 times larger than others 

Largest contribution to uncertainty (±1.9×10-10) attributed to charged pion and kaon 
loop contributions 
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The Glasgow consensus for HLbL

Subjective error estimate 
does not cover spread of 
model values, and and is 
not systematically 
improvable

http://arxiv.org/abs/arXiv:0901.0306

